Abstract. With a crystallographic root system Φ, there are associated two Catalan objects, the set of nonnesting partitions N N (Φ), and the cluster complex ∆(Φ). These possess a number of enumerative coincidences, many of which are captured in a surprising identity, first conjectured by Chapoton. We prove this conjecture, and indicate its generalisation for the Fuß-Catalan objects N N (k) (Φ) and ∆ (k) (Φ), conjectured by Armstrong. 
Introduction
For a crystallographic root system Φ, there are three well-known Coxeter-Catalan objects [Arm09] : the set of noncrossing partitions N C(Φ), the set of nonnesting partitions N N (Φ) and the cluster complex ∆(Φ). The former two and the set of facets of the latter are all counted by the same numbers, the Coxeter-Catalan numbers Cat(Φ). For the root system of type A n−1 , these reduce to objects counted by the classical Catalan numbers C n = 1 n+1 2n n , namely the set of noncrossing partitions of [n] = {1, 2, . . . , n}, the set of nonnesting partitions of [n] and the set of triangulations of a convex (n + 2)-gon, respectively.
Each of these Coxeter-Catalan objects has a generalisation [Arm09] , a Fuß-Catalan object defined for each positive integer k. These are the set of k-divisible noncrossing partitions N C (k) (Φ), the set of k-generalised nonnesting partitions N N (k) (Φ) and the generalised cluster complex ∆ (k) (Φ). They specialise to the corresponding Coxeter-Catalan objects when k = 1. The former two and the set of facets of the latter are counted by Fuß-Catalan numbers Cat (k) (Φ), which specialise to the classical Fuß-Catalan
The enumerative coincidences do not end here. Chapoton defined the M -triangle, the H-triangle and the F -triangle, which are polynomials in two variables that encode refined enumerative information on N C(Φ), N N (Φ) and ∆(Φ) respectively [Cha04, Cha06] [Tza08] for k > 1. In this extended abstract, we prove the H = F conjecture in the k = 1 case. The proof of the generalised conjecture of Armstrong can be found in the full version [Thi14] .
Definitions and the Main Result
Let Φ = Φ(S) be a crystallographic root system with a simple system S. Then Φ = Φ + −Φ + is the disjoint union of the set of positive roots Φ + and the set of negative roots −Φ + . Every positive root can be written uniquely as a linear combination of the simple roots and all coefficients of this linear combination are nonnegative integers. For further background on root systems, see [Hum90] . Define the root order on
that is, β ≥ α if and only if β − α can be written as a linear combination of simple roots with nonnegative integer coefficients. The set of positive roots Φ + with this partial order is called the root poset. A set of pairwise incomparable elements of the root poset is called an antichain. The support of a root β ∈ Φ + is the set of all α ∈ S with α ≤ β.
We define the set of nonnesting partitions N N (Φ) of Φ as the set of antichains in the root poset of Φ. Let us define the H-triangle [Cha06, Section 6] as
Let Φ ≥−1 = Φ + ∪ −S be the set of almost positive roots of Φ. Then there exists a symmetric binary relation called compatibility [FZ03, Definition 3.4] on Φ ≥−1 such that all negative simple roots are pairwise compatible and for α ∈ S and β ∈ Φ + , −α is compatible with β if and only if α is not in the support of β.
Define a simplicial complex ∆(Φ) as the set of all subsets A ⊆ Φ ≥−1 such that all almost positive roots in A are pairwise compatible. This is the cluster complex of Φ. This simplicial complex is pure, all facets have cardinality n, where n = |S| is the rank of Φ.
Let us define the F -triangle [Cha04, Section 2] as
Consider the Weyl group W = W (Φ) of the root system Φ. A standard Coxeter element in W is a product of all the simple reflections of W in some order. A Coxeter element is any element of W that is conjugate to a standard Coxeter element. Let T denote the set of reflections in W . For w ∈ W , define the absolute length l T (w) of w as the minimal l such that w = t 1 t 2 · · · t l for some t 1 , t 2 , . . . , t l ∈ T . Define the absolute order on W by
Fix a Coxeter element c ∈ W . We define the set of noncrossing partitions N C(Φ) of Φ as the interval [e, c] in the absolute order. We drop the choice of the Coxeter element c from the notation, since a different choice of Coxeter element results in a different but isomorphic poset.
Let us define the M -triangle [Cha04, Section 3] as
where rk is the rank function of the graded poset N C(Φ) and µ is its Möbius function. Theorem 1 If Φ is a crystallographic root system of rank n, then
In order to prove Theorem 1, we first find a combinatorial bijection for nonnesting partitions that leads to a differential equation for the H-triangle analogous to one known for the F -triangle. Using both of these differential equations and induction on the rank n, we prove Theorem 1 by showing that the derivatives with respect to y of both sides of the equation as well as their specialisations at y = 1 agree. After proving Theorem 1, we use it together with the M = F (ex-)conjecture to relate the H-triangle to the M -triangle.
Proof of the Main Result
To prove Theorem 1, we show that the derivatives with respect to y of both sides of the equation agree, as well as their specialisations at y = 1. To do this, we need the following lemmas.
Lemma 1 If Φ is a crystallographic root system of rank n, then
Proof: We have
where 
Substitute (2) into Theorem 1 to get the result. 2
Lemma 1, Lemma 2, Lemma 4, Theorem 1 and Corollary 2 all generalise to the corresponding Fuß-Catalan objects N N (k) (Φ), N C (k) (Φ) and ∆ (k) (Φ). For proofs of these more general results and further consequences, see the full version of the article [Thi14] .
